Motivated by recent terahertz (THz) spectroscopy measurements in α-RuCl3, we develop a theory for magnetoelectric (ME) effects in Mott insulators of d 5 transition metal ions in an octahedral crystal field. For 4d and 5d compounds, the relatively wide-spread orbitals favor charge fluctuations of localized electrons to neighboring ions and a significant ME effect from electronic mechanisms is expected. From a three-orbital Hubbard model with strong spin-orbit coupling, we derive the mechanisms for the electric polarization originating from virtual hopping of the localized holes carrying the spins. We consider the electric polarization generated by pairs of spin operators on nearest-neighbor bonds with either an edge-sharing geometry (i.e., two ligands are shared) or a corner-sharing geometry (i.e., one ligand is shared). The allowed couplings are first derived using a symmetry approach. Then, we explicitly calculate the coupling constants and evaluate the effective polarization operator in the ground state manifold using perturbation theory. The results are relevant when considering the THz optical conductivity of magnetic systems such as some perovskite iridates or Kitaev materials. In particular, they help explain the recent THz optical measurements of α-RuCl3 for which the electric-dipole-induced contribution has been shown to be strong.
I. INTRODUCTION
Multiferroics are defined by the existence of the static magnetoelectric (ME) effect, i.e., the control of electric polarization by a magnetic field and of magnetization by an electric field [1] [2] [3] [4] [5] [6] [7] . In the dynamical regime, the magnetically induced ferroelectricity leads to the emergence of electromagnons, low-lying modes associated with the hybridization of spin waves with the electric polarization [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . However, ME effects are not limited to multiferroics. In magnetic Mott insulators with lattice inversion invariance and no electric polarization in the ground state, i.e., without the static ME effect and reduction of the symmetry accompanying the long-range ordering, dynamical ME effects are still possible.
Three types of mechanisms for the ME coupling between the local electric polarization P ij and spin operators at sites i and j are typically considered for multiferroics: (i) the exchange-striction mechanism arising from the symmetric spin exchange interaction S i ·S j 22 , (ii) the spin-current model arising from the antisymmetric spin exchange interaction S i × S j (or inverse DzyaloshinskiiMoriya interaction) [23] [24] [25] , and (iii) the spin dependent p-d hybridization mechanism which causes single spin anisotropy [26] [27] [28] . Only the mechanism (ii) is allowed in a system with inversion symmetry, whereas the lack of inversion symmetry centered at the middle of bonds and spin sites is necessary for mechanisms (i) and (iii), respectively.
The ME coupling affects the charge dynamics of the electrons in the magnetic energy scale, far below the optical gap of Mott insulators. Thanks to the coupling, the magnetic excitations respond to an AC electric field and can be probed, for example, by measuring the terahertz (THz) dielectric response. This is especially interesting for quantum spin liquids (QSL) with fractionalized excitations which result in a continuous subgap optical conductivity. This effect has been predicted and observed in some spin liquids [29] [30] [31] [32] , and explained with a different kind of ME mechanism. For the single-band Hubbard model, charge effects are possible through virtual hopping of the electrons, which scales as (t/U ) n for loops of size n (with t the hopping amplitude and U the on-site repulsion) 33 . Even without spin-orbit coupling (SOC), a non-trivial ME coupling arises for odd n, starting from triangular loops, and explains the subgap optical conductivity of gapless spin liquids on triangular and Kagome lattices 29, 30, 34, 35 . More recently, a subgap optical conductivity was observed in the Kitaev material α-RuCl 3 in a series of THz spectroscopy measurements [36] [37] [38] [39] [40] . In a previous work, we showed that the virtual hopping mechanism can be relevant for n = 2 (single bonds) when considering multiorbital systems such as Kitaev materials with strong SOC 41 . In this article, motivated by the THz spectroscopy results in α-RuCl 3 , we derive the general mechanisms for the polarization operators of 4d 5 and 5d 5 Mott insulators arising from the electronic charge in t 2g orbitals.
More specifically, we consider systems with inversion symmetry and without degeneracy of the local ground states (other than the Kramers degeneracy), so that the low-energy manifold is described with pseudospin-1/2 variables on each site. We focus on systems with d 5 transition metal (TM) ions, each surrounded by an octahedral complex of ligands which connect neighboring TM sites. For 4d and 5d compounds, the wide-spread orbitals favor charge fluctuations of the localized holes to neighboring ions, so that we expect significant ME effects from purely electronic mechanisms.
Two geometries are considered, the edge-sharing geometry (i.e., two ligands are shared) and the corner-sharing geometry (i.e., one ligand is shared) as shown in Fig. 1 .
Our goal is to calculate the effective polarization in the magnetic ground state manifold, i. operators. Due to time-reversal symmetry, there are no one-spin terms and we only consider terms written with two-spin operators from nearest-neighbors. The spin-current model which lead to the KatsuraNagaosa-Balatsky (KNB) formula P ij ∝ê ij ×(S i ×S j ) 23 , whereê ij is the unit vector parallel to the bond, was originally based on a purely electronic mechanism made possible by finite matrix elements such as d xy |y|p x between neighboring TM ions and ligands 23 . The same matrix elements have been shown to give rise to additional symmetry-allowed couplings between P ij and S i × S j when the symmetry is low enough [42] [43] [44] .
In short, the position operator r has two types of finite matrix elements in the tight-biding formalism. The KNB type i, α|r|j, β for ions i = j (typically one TM ion and one ligand) with orbitals α and β, and the lattice type i, α|r|i, β = r i δ α,β where r i is the position of ion i. If combined with first-principle calculations to accurately evaluate the i, α|r|j, β integrals, the ME effect in Kitaev materials and other d 5 Mott insulators can be evaluated from our results.
This article is organized as follows. First, in Sec. II, we introduce the Hamiltonians. In Sec. III, we derive the allowed ME couplings using a symmetry group approach. In addition, we stress the importance of SOC in Sec. IV. In Sec. V, we define two different electronic mechanisms for the polarization starting from the usual LCAO (linear combination of atomic orbitals) approximation of the tight-binding model. We then explicitly consider the mechanisms in Sec. VI in the edge-and corner-sharing geometries for large SOC. Finally, we discuss our findings and conclude in Sec. VII.
II. MODEL
We consider Mott insulators with unfilled t 2g orbitals under an octahedral crystal field (CF) of chalcogens or halogens, which strongly split the t 2g and e g orbitals. In the d 5 configuration, there is one hole in the t 2g orbitals per site. Accordingly, we consider a three-band Hubbard model for the holes on the lattice of TM ions, with a filling corresponding to one hole per site, Each hole can jump onto the filled p 6 orbitals of the ligands at a cost ∆ pd , the charge-transfer energy. Additionally, direct hopping between TM ions are also possible. We consider the limit where ∆ pd ≫ U , i.e., the system is in a Mott insulating phase (in contrast with the charge-transfer insulator), so that intermediate states with unfilled p orbitals can be integrated out to give the effective Hamiltonian (1). Moreover, in this limit, intermediate states with two or more unfilled p orbitals are neglected and the effective hopping integrals are simply obtained by considering the different TM-ligand-TM hopping processes through each ligand separately. Summing the contributions from all ligands, we obtain
where T ij is the hopping matrix between sites i and j,
Here t αβ ij is the hopping between the two TM ions at sites i and j with respective orbitals α and β, p labels the ligands between the two TM ions, γ labels their orbitals, and t αγ ip is the hopping between the TM ion i and ligand p with orbitals α and γ, respectively. The different hopping amplitudes are the usual Slater-Koster integrals 47 . Finally, the on-site 6-dimensional Hilbert space is further split by H ion . Each hole has an effective L = 1 orbital angular momentum in addition to its spin-1/2 angular momentum. The on-site Hamiltonian consists of SOC,
with λ > 0, and additional CF splitting,
so that
Here, (L a ) bc = −iǫ abc and σ a are the Pauli matrices. The unit vectorn CF depends on the system considered. In this article, only the trigonal (n CF = [111]) and tetragonal (n CF = [001]) distortions are explicitly considered in the edge-sharing and corner-sharing geometries, respectively. They correspond (up to a constant) to
The SOC Hamiltonian splits the t 2g orbitals into states with total effective angular momentum J = 1/2 and J = 3/2 with energies −λ and λ/2, respectively. The CF distortion by itself also splits the three t 2g states into a b 2g state and two e g states. Generally, the combination of SOC and CF splits the states into three Kramers doublets.
We consider the situation where pseudospin-1/2 variables can safely be defined. This implies that the ground state is a doublet (always the case with λ > 0) which is sufficiently gapped from the other four states; it should be larger than the magnetic scale t 2 eff /U . (Here t eff refers generally to the amplitude of the effective hopping between neighboring TM sites.) In the next section, we consider the allowed ME couplings on a symmetry basis, and do not make additional assumptions for the on-site Hamiltonian. In Sec. VI, when explicitly considering the microscopic mechanisms, we will make the assumption that SOC is large, λ ≫ t 2 eff /U . Moreover, the additional CF distortion, whose main effect is to lower the symmetry, will be introduced perturbatively in analytical calculations. This situation is particularily relevant for late TM ions such as Ir, Os, Rh, and Ru 48 . In this limit, the present model on the two-dimensional honeycomb lattice (with edge-sharing bonds, see Fig. 2 ) has been discussed extensively [49] [50] [51] [52] [53] [54] [55] [56] 
III. SYMMETRY CONSIDERATIONS
Group theory is a powerful tool to derive the allowed spin-polarization coupling [42] [43] [44] . Here we explicitly consider the two geometries depicted in Fig. 1 with and without the inclusion of CF distortions.
In the ground state manifold (one pseudospin-1/2 per TM ion), because of the time-reversal and inversion symmetry, the general form of the coupling between the electric polarization and the pseudospins (referred to as simply spins from now on) for a given bond ij is P =m(S i × S j ), or
For a bond in the x direction, the KNB coupling corresponds to the case m yz = −m zy and all other components equal to zero. In general, the allowed matrix elements of m are dictated by the symmetry group of the bond ij .
A. Edge-sharing geometry
Let us first consider the situation where each TM ion is surrounded by six ligands forming edge-sharing octahedra: neighboring TM ions share two ligands each forming a φ = 90
• TM-ligand-TM bond as depicted in Fig. 1 (b).
Full octahedral symmetry
Ideally, the ligands form a perfect octahedra around each TM ion in the ±x, ±ŷ and ±ẑ directions, in which case the point group of the system is O h . Let us consider a bond in the in the (x −ŷ)/ √ 2 direction (also called a Z-bond). The other bonds in the honeycomb lattice of Fig. 2 are simply related by cyclic permutations. The structure has three C 2 symmetries along theû 
where B and B ′ are the {x,ŷ,ẑ} and {û,v,ŵ} bases, respectively. The hopping integrals can be expressed via the Slater-Koster integrals 47, 52 (t pdσ , t pdπ , t ddσ , t ddπ and t ddδ ),
The spin operators S ·û, S ·v, and S ·ŵ transform as B 1,g , B 2,g , and B 3,g , respectively, and the antisymmetrization between site i and j from the cross product acts as an extra B 1,u . The polarization P α simply acts as a vector: B α,u . Hence, only two independent coupling constants are allowed,
Note that unlike the hopping matrix which is symmetric, the spin-polarization coupling matrix does not have to be symmetric nor antisymmetric. Already, this is more general than the P ∝ê ij × (S i × S j ) coupling, as m 4 and m 5 are a priori not related.
With trigonal distortion
Real materials have additional distortions away from the octahedral CF. For Kitaev materials, the most commonly considered distortion is a uniform elongation or compression perpendicular to the plane containing the honeycomb lattice, along the (x +ŷ +ẑ)/ √ 3 axis. In this case, the C 3 symmetry is intact and the point group of the system is D 3d . The bond symmetry is then reduced as D 2h → C 2h whose character table is shown in Table  V of Appendix C.
In this case, the hopping matrix has one additional allowed term,
Similarly, in the C 2h symmetry there are five allowed coupling constants between the spin anti-symmetric vector and the polarization:
3. More distortion
In addition to the trigonal distortion, monoclinic distrotion are also usually observed, albeit small. They further lower the symmetry group of the bond, C 2h → C i . In this a case, there are no constraints; the hopping matrix has six independent terms and the matrixm has nine. However we will not consider this symmetry situation in the following, and limit ourselves to the trigonal distortion.
A particular distortion is worth mentioning: when, for each bond, the two ligands move toward or away from the center of the bond, in the ±v direction. In principle, the bond has a C 2h symmetry in this case. However, the microscopic processes we consider are derived in the subsystem including only the two TM ions and two ligands. Because the displacement of the ligands is along thev axis, one of the C 2 axis, the processes will only yield coupling consistent with the D 2h symmetry group. In a sense, this is the most practical way to study the TMligand-TM angle dependence away from the ideal φ = 90
• bond geometry. This case is explicitly considered in Appendix A.
B. Corner-sharing geometry
In the corner-sharing geometry, the octahedral complexes of two neighboring TM ions share one ligand. When an angle is introduced away from ϕ = 180
• , the bond inversion symmetry is broken and additional couplings are possible, deviating from Eq. (9). The ϕ = 180 geometry is considered in details in Appendix B.
Full octahedral symmetry
A bond consists of two octahedra connected along, say, thex direction as depicted in Fig. 1(a) . The structure has four C 2 axes in addition to one C 4 axis and inversion symmetry. The symmetry group is thus D 4h and its character table is shown in Table VI. The T 2 representation of O breaks into three different irreducible representations of D 2h : T 2 → B 1 ⊕ B 2 ⊕ B 3 for the three t 2g orbitals with principal axesx,ŷ andẑ. The effective hopping (after integrating out the ligand) between the t 2g orbitals of sites i and j therefore must bê
Neglecting the d-d direct hopping, which is safe in the present geometry, we have t 1 = 0 and
which corresponds to the KNB formula, unlike for the edge-sharing geometry.
Tetragonal distortion
A uniform tetragonal distortion only affects the ligands above and bellow the TM ions. It reduces the bond symmetry from D 4h to D 2h . Equation (16) thus becomes similar to Eq. (12) and allows a deviation from the KNB form,m
The hopping process, however, is not affected by the ligand in the ±ẑ direction and thus by the tetragonal distortion.
IV. IMPORTANCE OF SPIN-ORBIT COUPLING
There are two potential origins for the coupling between spin and charge (or polarization) of the electrons: one is intrinsic, the Pauli exclusion principle, and the other explicit, the SOC. Here, we show that SOC is actually essential in order to have a finite electronic ME coupling involving pairs of spin-1/2 operators in systems with inversion symmetry.
Without SOC, the orbital degeneracy is only lifted by the CF distortion and the pseudospins of the ground state manifold are the original spins of the holes. Due to inversion symmetry and Eq. (9), the polarization operator only has finite matrix elements between the singlet and triplets in spin space. The microscopic operator P is obviously trivial in terms of electronic spin operators. Therefore, the effective polarization operator in the ground state manifold vanishes without SOC. This argument is only valid when the symmetry group of the bond contains inversion symmetry, without which spinsymmetric matrix elements (i.e., triplet to triplet or singlet to singlet) are possible.
To understand better the role of SOC, we consider the localized single-hole wave functions in the ground state. If we now consider a single bond ij , each wave function transforms as a representation, say Γ, of the bond symmetry group. Without SOC, Γ is one-dimensional with an extra spin degeneracy. With SOC, however, Γ is a two-dimension representation of the corresponding spin double group which mixes orbitals and spins.
Because the wave functions are on different sites, there is an extra site index. For two sites, this extra degree of freedom transforms as one of two different onedimensional representations of the bond symmetry group so that the two-hole state is overall odd under exchange (as imposed by the fermionic statistic): either Γ sym = 1, the trivial representation, or Γ antisym . The explicit identification of Γ antisym depends on the group (see, e.g., the tables in Appendix C), but it is always odd under inversion symmetry.
Without SOC, Γ ⊗ Γ = 1 and, due to the extra spin degeneracy (singlet or triplet), the full two-hole ground state manifold transforms as Γ sym ⊕Γ antisym . Because the polarization is odd under inversion, only matrix elements between spin triplet and spin singlet are possible when SOC is absent, which, as already mentioned, cannot be finite. Once SOC is introduced, each irreducible representation of Γ ⊗ Γ = k Γ k is either even or odd under permutation of the single-hole wave functions, and has to be combined accordingly with Γ sym or Γ antsym . However, the dichotomy does not correspond to spin triplet and spin singlet anymore, and the above argument cannot be used.
V. POLARIZATION
We start by defining the polarization operator P in second quantized notation. This is done by explicitly calculating its matrix elements between the different singleelectron wave functions. In this section, the spin degree of freedom is not important and not written explicitly. The Bloch wave functions can be expressed as
where R n are lattice vectors, N is the number of unit cells and a m (R n , r) is a Wannier function for the unit cells at R n . In the tight-binding approach, the LCAO approximation is used for which the exact Wannier functions are replaced by isolated atomic orbitals (or a linear combination of them, when there are multiple atoms per unit cell).
We now consider a single TM-TM bond consisting of two TM ions at positions r 
where α ∈ {yz, xz, xy, x 2 −y 2 , 3z 2 −r 2 }, and γ ∈ {x, y, z}. We furthermore assume, for simplicity, that the atomic orbitals are orthogonal to each other. The different atomic orbitals are written as |R, α , where R is the position of the corresponding ion and α labels the orbital. The polarization operators P = er is then obtained by calculating the different matrix elements e R, α|r|R ′ , β . In the following, we set the elementary charge e = 1. In general, P can be decomposed into single-site terms (R = R ′ ) and two-site terms (R = R ′ ) which we call "lattice polarization" and "hopping polarization", respectively.
A. Lattice polarization
First, for a given ion, the matrix elements are given by
Indeed, the product of two d or two p orbitals is even under inversion symmetry. This defines the lattice polarization which reads i r i n i , where n i = α n i,α = α c † i,α c i,α for the ion at position r i (both ligands and TM ions). Moreover, the Mott insulator is overall neutral and has a fixed number of electrons on each equivalent site in the ground state manifold: n TM (n L ) for TM ions (ligands). The lattice polarization is
where
This contribution is intrinsic to the tight-binding model. It is directly related to the "Hubbard current" (i.e, they are related by a continuity equation) that we obtain at first order in the vector potential from the Peierls substitution in the hopping integrals. In the Mott insulating phase, it arises from virtual hopping between neighboring atoms when t/U is finite, so that the ground states are not exact magnetic states but contain a small mixture of polar states. After integrating out the p-orbital intermediate states, we are left with two types of contributions at the lowest order in t/U : the contribution from the TM ions and from the ligands [first and second term in Eq. (21)]. For a TM-TM pair ij , the contribution from the TM ions is
where P and Q k are the projection operators on the ground state manifold (with energy E 0 ) and polar states with double occupancy at site k, respectively. H 0 is the local Hamiltonian (without hopping), H ij hop is the effective hopping Hamiltonian between site i and j, and
is the vector from site i to j. This operator scales as t
Here t pd generally denotes the TM-ligand hopping integrals.
The contribution from the ligands comes when we apply P on a polar state with a hole on a ligand. After integrating out the intermediate states, the operator takes the form of an effective hopping,
where p labels the ligands between the two TM ions at positions r L p and γ labels their orbitals. This operators scales as t 2 pd /∆ 2 pd and its projection onto the ground state manifold is
which, unlike the contributions from TM ions, scales as t
pd U ) and is thus smaller by a factor of U/∆ pd .
B. Hopping polarization
The remaining matrix elements are 
where 
In the following, we derive a more complete scheme to calculate the different integrals for any vector d separating two ions, in a manner that is reminiscent of the Slater-Koster hopping integrals 47 . We find five different symmetry-allowed integrals for a p-d pair, and only two for a d-d pair.
To summarize, we have two different mechanisms. The lattice polarization has a contribution from the TM ions which scales as |d|t
2 ), and a contribution from the ligand which scales as |d|t 4 pd /(∆ 3 pd U ). In the magnetic ground state manifold, the hopping polarization is obtained after one additional virtual hopping and thus scale as p eff t eff /U (where p eff generally represents the effective hopping polarization between two TM sites defined by Eq. (27)). In terms of p-d integrals, the scaling is p pd t 3 pd /(∆ pd U 2 ). Therefore, in the Mott insulating limit where ∆ pd ≫ U , the dominant contribution is determined by comparing p eff with |d|t eff /U .
C. Two-center polarization integrals
The integrals in Eq. (26) are two-center integrals with an extra l = 1 spherical harmonic at the middle point. A p orbital can be expressed as a linear combination of pσ and pπ ± functions with respect to the axis d along the bond, and a d orbital can be expressed as a combination of dσ, dπ ± and dδ ± functions. Here σ, π ± and δ ± refer to the component of angular momentum along the axis. The different labels directly correspond to the cubic harmonics as shown in Table I . For p-d integrals, five symmetry channels are allowed. They can be separated into longitudinal (P along the bond) and transverse (P orthogonal to the bond) components. To lighten the notation, the center of the atomic orbitals is omitted and
π+ π− σ π− π+ δ+ δ− σ assumed to be −d/2 (d/2) for the bra (ket) state. The two longitudinal integrals are
and the three transverse integrals are
Here σ and π ± denote the projections of r on the σ and π ± axis. For the d-d integrals, there are only two transverse components,
From those expressions, we can then calculate the polarization integrals in a fixed basis for d pointing in an arbitrary direction. Using the notation of Slater and Koster 47 , we denote the cosine angles of d as (l, m, n). For example we have
Other integrals are found in Table VIII in Appendix D.
In particular, for a bond along the z axis, the t 2g -p integrals of the KNB theory split into three different possible values:
In the limit where d = d → 0, the three integrals of Eq. (36) are identical and can be roughly calculated using . For a typical interatomic distance of 2Å ∼ 3.8a 0 (a 0 is the Bohr radius), the p-d integrals are considerably smaller than the zeroth order approximation used in the KNB theory by a factor of ∼ 10 4−6 . It is important to note that in general, the hydrogenlike atom model is not a good approximation. In particular, when the system is close to the Mott transition, or close to a molecular-insulating regime, the wave functions might be spread over several sites with significant overlap. This is especially true for the 4d or 5d compounds considered in this article. In such a case, the polarization integrals should be larger (as are the tight-binding hopping integrals) and first-principle methods should be used to evaluate the atomic orbitals. Nevertheless, the symmetry considerations (the classification into different symmetry channels) still apply.
VI. MICROSCOPIC MECHANISMS
We are now looking explicitly at the mechanisms behind the allowed couplings in terms of the microscopic lattice and hopping polarization defined in section V. For each allowed coupling constants m 1−5 in Eqs. (12) , (14), (16) , and (17), we separate the contributions as
where A i and B i are the coupling constants resulting from the lattice and hopping polarization operator, respectively. Here a is the lattice spacing between two TM ions so that the A's are unitless. The results are summarized in Tables II and III. A. Edge-sharing geometry
Lattice polarization
In order to calculate the contribution from the microscopic operator (21), we consider the subsystem made of one bond depicted in Fig. 1(b) : two TM ions at sites i and j separated by aû, and two ligands also separated by a distance a when φ = 90
• . All the calculations done in this section are extended to the φ = 90
• case in Appendix A. In the subsystem, k δn k = 0 and we can choose the origin at the center of the bond. Then, the contribution from the TM ions is always in theû direction, and the contribution from the ligands is perpendicular to it. Without trigonal distortion, the latter is exactly in thê v direction.
First, let us consider the contribution from the TM ions. The symmetry argument showed that the contribution should vanish when there is no trigonal distortion due to the high D 2h symmetry of the bond. This can be understood more intuitively by considering the Hamiltonian (1). The bond symmetry is encoded in the hopping matrix. Without the trigonal distortion, the on-site Hamiltonian is rotationally invariant (as the e g orbital are neglected) and the hopping matrix has three eigenvectors corresponding to the three C 2 axis,û,v, andŵ. In terms of the pseudospin, the hopping is diagonal (because SOC is rotationally invariant). Thus, polar states are only found in the two-hole wave functions which are odd with respect to permutation. As the polarization only connect states with different parity, the contribution from the mechanism considered vanish.
With the trigonal distortion, the hopping is not diagonal in terms of the pseudospin. Therefore, both antisymmetric and symmetric states can contain polar states and the polarization alongû has a finite contribution from the mechanism.
Additionally, in the specific case where (x+ŷ+ẑ)/ √ 3 is an eigenvector of the hopping matrix (i.e., the CF Hamiltonian and the hopping matrix are simultaneously diagonalizable), the system recovers an accidental D 2h symmetry and the contribution vanishes. This happens exactly when t 1 + t 2 − t 3 − t 4 = 0. Note that this is only true because we neglected the e g orbitals.
The contribution to m 1 in Eq. (14) can be found numerically with exact diagonalization of the two-site sys- (14) and (37) for the edge-sharing geometry in the JH /U → 0 limit (and λ/U → 0 for A1). The CF is included through HCF but the displacement of the ligands is neglected.
tem or with perturbation theory. We consider the latter in this article. As explained in sec. V and Eq. (22), perturbation theory at second order in the effective TM-TM hopping is expressed as
with
where P and Q are the projection operators on the ground state manifold (with energy E 0 ) and polar states, respectively. Here H 0 = H SOC +H CF +H int . Including the trigonal distortion, the calculation is too heavy to be done analytically, but we can treat H CF as an additional perturbation. At second order in the hopping and first order in the trigonal CF,
where P 1 2 and P 3 2 are the projection operators on the J = 1/2 states and the J = 3/2 states, respectively. In Eq. (40), H ′ 0 = H SOC + H int . As expected, we find a contribution to m 1 ,
The full expression of A 1 is large and can be written as
where the f abc 's are linear combinations of t 1−4 and the n abc 's are scalars. In the perturbation theory calculation, the unitless constant A 1 vanishes when J H = 0. This is not true when using exact diagonalization and we thus conclude that it is a peculiar to perturbation theory. The ME coupling in Eq. (41) was used in Ref. 41 to explain the subgap optical conductivity of Kitaev materials.
The contribution from the ligands is obtained from Eq. (23) and is just the effective hopping matrix elements arising from the TM-ligand-TM processes, but with opposite sign for the two ligands so that the matrix is antisymmetric. Without trigonal distortion, it is oriented alongv so that
Equation (43) has the same form as the hopping polarization terms considered in the next subsection. We already know from symmetry that it eventually yields
where only A 4 = 0 without trigonal CF. Furthermore, it is safe to neglect the displacement of the ligands alongŵ in which case A 5 = A 3 = 0. The constants are explicitly calculated in the next subsection.
Hopping polarization
The contribution from the microscopic operator (26) can be decomposed in terms of the hopping operatorŝ
c., and
whereM n acts in the same representations as (S i × S j )·n forn =û,v, andŵ. Thus, in the C 2h bond symmetry,
and only b 4 and b 5 survive in the D 2h symmetry. When computed in the ground state manifold of the Hamiltonian without trigonal distortion, eachM n creates a (S i × S j )·n term due to the D 2h symmetry. With the addition of H CF , using the C 2h character 
Without trigonal distortion, Eq. (47) results inM n → M n (S i × S j ) ·n and thus B 4 = b 4 M w and B 5 = b 5 M v . As discussed in section II, we observe that Hund's coupling is responsible for the anisotropy as
where the g n abc 's are linear combinations of t 1−3 and the m abc 's are scalars. Unlike for Eq. (42), U ≫ λ is not assumed. We see that in the limit U ≫ J H , the M n 's are independent of λ. With the inclusion of the trigonal distortion at first order, we obtain, similarly to Eq. (42), large fractions of polynomials. In the limiting case U ≫ J H ,
Equation (49) thus relates the coefficients b 1−5 , obtained from the polarization integrals, to the coefficients B i at first order in H hop and first order in ∆. We note that the relations in Eq. (49) can be obtained without approximation numerically. Finally, we express b 1−5 in terms of the polarization integrals of section V using Eq. (27) . Without distortion, the ligands are in thex andŷ directions from the site i with an atomic spacing d = a/ √ 2 so that only b 4 and b 5 are finite,
Hence, even without the trigonal distortion, we recover the KNB formula (b 4 = −b 5 ) only when the polarization integrals are evaluated at zeroth order in d. In this case, the d-d integrals vanish and P pdπ = P ⊥ pσdπ . The results are summarized in Table II. The expressions taking into account the displacement of the ligands towards the bond (φ = 90
• ) is given in Appendix A.
B. Corner-sharing geometry
In the corner-sharing geometry with ϕ = 180
• [see Fig. 1(a) ], the calculations are considerably simpler. The ϕ = 180
• case is dealt with in Appendix B and is more complex due to the lack of inversion symmetry. (17) and (37) for the corner-sharing geometry in the JH /U → 0 limit. The CF is included through HCF but the displacement of the ligands is neglected
We see from Eqs. (16) and (17) that polarization along the bond vanishes. Because the only ligand is exactly at the center of the bond, its contribution also vanish. Therefore, unlike for the edge-sharing geometry, there is no ME coupling originating from the lattice polarization when ϕ = 180
• .
Hopping polarization
We defineN
in terms of the anti-symmetric off-diagonal matrices (Â a ) bc = ǫ abc . Then, for a x-bond, we find
The expressions for a other types of bond are obtained by performing the proper rotations.
Casting the above operators in the low-energy subspace with perturbation theory at first order in t and ∆ in the limit U ≫ J H , we obtain
As for the edge-sharing geometry, J H is responsible for the anisotropy when ∆ = 0. The results are summarized in Table III . We have thus obtained an expression for the two allowed ME coupling constants of Eq. (17) as a function of the various physical parameters and integrals in the ϕ = 180
• geometry. The deviation from the KNB formula originating from the CF thus scales ∆/λ (for large U ) relatively to the KNB ∆ = 0 contribution. We stress that the scaling is only accurate in the λ ≫ ∆ limit.
VII. SUMMARY AND CONCLUSION
We developed a theory of the electric polarization in d 5 Mott insulators from electronic mechanisms. In particular we reconciled two approaches previously used to explain ME behaviors. On one hand, there is the "hopping polarization" which corresponds to formalisms principally used in the context of multiferroics, e.g. the KNB formula 23 and other extensions 43 , and relies on matrix elements such as d xy |y|p y . With an approach similar to Slater and Koster 47 , we expanded the theory by taking into account the finite distance between ions and classified the different finite polarization integrals according to their symmetry.
On the other hand, the "lattice polarization" is intrinsic to the Hubbard model, merely defined by the positions of the electrons on the lattice. Charge effects in single-band Mott insulators due to such effects were first discussed in Ref. 33 and lead to the explanation of the subgap optical conductivity in different systems on lattices with triangular loops. In a previous work, we noted that in multi-orbital systems with SOC, the same mechanism was possible at second order in the hopping 41 . In the present article, we thoroughly considered the phenomenon and conclude that (i) in the ∆ pd ≫ U limit, the contribution from the positions of the ligand is suppressed by a factor of U/∆ pd compared to the contributions form the TM ions, and (ii) the edge-sharing geometry is crucial to obtain a finite polarization operator along the TM-TM bond. In the corner-sharing geometry, even when ϕ = 180
• (see Appendix B), the polarization along the bond vanishes.
The relative contributions of the two mechanisms are determined by comparing the polarization integral p eff with a t eff /U between TM ions separated by a distance a. Together with complementary first-principle methods to evaluate the different physical parameters, in particular the polarization integrals, the ME effects in d
5 Mott insulators can be predicted from our results. In particular, in the edge-sharing geometry the direction of the polarization changes whether p eff ≪ a t eff /U , in which case A 1 dominates [see Table II] and P is along the bond, or p eff ≫ a t eff /U , in which case B 4 and B 5 dominate and P is perpendicular to the bond. Finally, we note that the different spin-polarization coupling constants in Eq. (37) can be numerically evaluated more accurately by performing the perturbation theory calculations numerically or by using exact diagonalization.
We expect that the THz optical conductivity observed in α-RuCl 3 36-40 can be better understood using our results by calculating the dynamical response of the effective polarization operator in the magnetic ground state manifold, which has only been done in the pure Kitaev model 41 .
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Appendix A: Edge-sharing geometry with φ = 90
• Here, we consider the effect of the distortion corresponding to the two ligands moving toward the center of the bond in the ±v. As mentioned in Sec. III A, the displacement of the ligands is along one of the C 2 axis so that the processes will only yield coupling consistent with the D 2h symmetry group. This lets us study the angle dependence away from the ideal φ = 90
• bond geometry. The hopping integrals can be expressed via the SlaterKoster integrals (t pdσ , t pdπ , t ddσ , t ddπ and t ddδ ),
To be precise, we note that the integrals themselves also depend on φ due to the change in the TM-ligand distance (or alternatively in the TM-TM distance). We do not explicitly consider this dependence. The two ligands are separated by a distanceã = a cot(φ/2) in thev direction. The lattice polarization expression for the ligands, Eq. (43) when φ = 90
• , becomes
(A2) Here the t pdπ integral also depends on φ if the TM-ligand distance d = a/(2 cos(φ/2)) varies.
b. Lattice polarization
As in the φ = 90
• situation, only b 4 and b 5 are non-zero without the trigonal distortion. We find,
With the addition of the trigonal distortion (displacement of the ligands perpendicular to the plane), all b 1−5 are finite and the calculation is too cumbersome, but can be done numerically.
Appendix B: Corner-sharing geometry with ϕ = 180
• In this Appendix, we consider the more general cornershared geometry where a relative rotation along theẑ axis is allowed such that ϕ = 180 [see Fig.1(a) ]. In this case, there is no inversion symmetry at the centre of the bond. The cubic orbitals are defined relatively to two sets of unit vectors B A = {x A ,ŷ A ,ẑ} and B B = {x B ,ŷ B ,ẑ} separated by a 2α = π − ϕ rotation along theẑ axis. We consider a uniform tetragonal distortion ∆ A = ∆ B = ∆. A staggered tetragonal distortion (corresponding to ∆ A = −∆ B ) is also plausible, as shown in Ref.
63 , but we do not consider it explicitly. For a x-bond, we define α > 0 for a displacement of the shared ligand in the +ŷ direction.
a. Full octahedral symmetry with α = 0
For α = 0, the symmetry group of the bond is reduced to C 2v , whose character table is shown in Table VII . Importantly, there is no inversion symmetry at the center of the bond. Thus, the hopping can be antisymmetric and the polarization can couple to symmetric two-spin operators. The full ME coupling is then characterized by at most thirty coefficients instead of nine.
The effective hopping matrices between the t 2g orbitals of site i and j arê
Considering only indirect p-d hopping and working in the B A and B B bases, we have simplŷ
The ME coupling (for an x-bond) becomes For a uniform tetragonal distortion, the C 2v symmetry group is not affect by ∆ and the form ofm does not change.
Mechanism a. Lattice polarization
We see from Eq. (B4) that polarization along the bond is only possible via m Γ 1 . However, as discussed in Sec. VI A, the contribution from the TM ions must vanish when the hopping is diagonal with respect to the pseudospins, which happens when the 3 × 3 matrices defining the tetragonal CF and the hopping commute. In the present case, due to the forms of H CF and (B1), both matrices always commute even in the lowest symmetry, so that P 
We show in the next subsection that such microscopic operators will, in turn, only produce a coupling with diagonal two-spin operators S α i S α j in addition to a spinindependent polarization (expected due to the lack of inversion symmetry).
b. Hopping polarization
For a x-bond, we find 
where S and A stand for symmetric and antisymmetric, which are both allowed when α = 0 due to the lack of inversion symmetry at the center of the bonds. Denoting the anti-symmetric and symmetric off-diagonal matrices by (Â a ) bc = ǫ abc and (Ŝ a ) bc = |ǫ abc |, respectively (ǫ is the Levi-Civita tensor), we havê 
